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We study quantum point contacts in two-dimensional topological insulators by means of quantum
transport simulations for InAs/GaSb heterostructures and HgTe/(Hg,Cd)Te quantum wells. In
InAs/GaSb, the density of edge states shows an oscillatory decay as a function of the distance to
the edge. This is in contrast to the behavior of the edge states in HgTe quantum wells, which decay
into the bulk in a simple exponential manner. The difference between the two materials is brought
about by spatial separation of electrons and holes in InAs/GaSb, which affects the magnitudes of the
parameters describing the particle-hole asymmetry and the strength of intersubband coupling within
the Bernevig-Hughes-Zhang model. We show that the character of the wave function decay impacts
directly the dependence of the point contact conductance on the constriction width and the Fermi
energy, which can be verified experimentally and serve to determine accurately the values of relevant
parameters. In the case of InAs/GaSb heterostructures the conductance magnitude oscillates as a
function of the constriction width following the oscillations of the edge state penetration, whereas
in HgTe/(Hg,Cd)Te quantum wells a single switching from transmitting to reflecting contact is
predicted.
I. INTRODUCTION
The quantum spin Hall effect (QSHE) is characterized
by a coexistence of insulating bulk and conducting he-
lical edge modes that are topologically protected from
backscattering [1–3]. So far, QSHE has been predicted
and observed for HgTe/(Hg,Cd)Te quantum wells (QWs)
[4–6] and InAs/GaSb heterostructures [7–10]. How-
ever, the accuracy of the conductance quantization in
these systems is substantially inferior compared to the
case of the quantum Hall effect [11] and the quantum
anomalous Hall effect [12]. For instance, in the case of
HgTe/(Hg,Cd)Te QWs, while non-local transport stud-
ies clearly indicate the existence of the edge conduct-
ing channels [13, 14], the magnitude of conductance ap-
proaches the theoretically expected quantized values only
in micrometer-sized structures, i.e., when the distance
between the probes is of the order of the mean free
path [5, 6, 15]. Furthermore, surprising aperiodic and
reproducible conductance fluctuations are reducing the
accuracy of quantization even further [5, 6, 13–15]. Fi-
nally, recently it has been suggested that topologically
trivial edge states coexist with the helical ones both
in HgTe/(Hg,Cd)Te QWs [16] and in InAs/GaSb het-
erostructures [17]. This situation calls for identification
of experimental scenarios in which the helical nature of
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edge states leads to appearance of characteristic phe-
nomena other than the approximate level of conductance
agreeing with the simplest theoretical predictions.
Understanding these discrepancies between theory and
experiment requires further studies on the nature of the
edge states in 2D TIs and their interaction with the envi-
ronment. There are theoretical proposals of both intrin-
sic [18–25] and extrinsic [14, 26–30] mechanisms respon-
sible for the imperfect conductance quantization. One of
the important areas of research is concerned with the cou-
pling of the states localized on the opposite edges, which
can lead to backscattering. Experimentally, controllable
interactions of the opposite edges can be realized by using
quantum point contacts (QPC). QPCs are nanoconstric-
tions introduced into the samples via nanofabrication
with side gates or back gates employed for controlling
the width [31, 32] or diameter [33] of the point contact.
So far, in the context of 2D TIs quantum point contacts
have been theoretically studied either for HgTe QWs [34–
36] or for general models of helical edge states [37–40].
Apart from their usefulness in studying the size effects
and interedge scattering, various possible applications of
QPCs prepared from QSHE materials include: (i) usage
of interferometry to control spin and charge conductances
[37, 38], (ii) studying localization effects of helical edge
states [39], and (iii) performing Hong-Ou-Mandel-type
experiments [40]. Hence, QPC structures constitute the
basic building blocks of electron optics. At the same
time, QPC can be employed to control electrical current
in the devices of 2D topological insulators by closing and
opening the constriction by side gates [34–36].
The possibilities outlined above have motivated our
2conductance study of point contacts prepared from both
classes of materials that exhibit QSHE. In particular,
we report on quantum transport simulations for QPCs
patterned from either InAs/GaSb heterostructures or
HgTe/(Hg,Cd)Te QW. Surprisingly, our results point to
quite a different behavior of the edge state decay as a
function of the distance to the edge in these two ma-
terials - a standard exponential decay in the case of
HgTe but an oscillating behavior in InAs/GaSb. We have
checked that this striking difference is beyond uncertain-
ties in parameters values as well is immune to disorder
and to supplementing the Hamiltonian by Dresselhaus
and Rashba terms. Our finding impacts directly the
conductance of the QPC as a function of the channel
width or side gate voltage. A single cross-over from con-
ducting to insulating state is predicted for HgTe QW,
whereas multiple switching between the two states is ex-
pected for nanoconstriction of InAs/GaSb heterostruc-
tures. These features can be verified experimentally, and
would provide direct information on the character of de-
cay of the helical edge states towards QW center. Fur-
thermore, the extent of the edge wave function deter-
mines directly the strength of carrier-mediated ferromag-
netic coupling between localized spins [41], a key charac-
teristics of (Hg,Mn)Te/(Hg,Cd)Te QWs and related sys-
tems [42].
II. METHODS
Results presented in this work have been obtained by
using the Bernevig-Hughes-Zhang Hamiltonian [4]. It
acts on wavefunctions of the form ψ = (ψs↑, ψp↑, ψs↓, ψp↓)
(s and p denote different subbands, while ↑ and ↓ account
for spin projection) and has the form,
H(k) =
(
H0(k) H1(k)
−H∗1 (−k) H
∗
0 (−k)
)
(1)
H0(k) =
(
M − (B +D)k2 Ak+
Ak− −M + (B −D)k
2
)
(2)
H1(k) =
(
∆ek+ + iξek− −∆z
∆z ∆hk−
)
(3)
where k = (kx, ky), k
2 = k2x + k
2
y, k± = kx ± iky. H0(k)
blocks of the matrix are responsible for the intersub-
band coupling, while H1(k) consists of terms responsible
for Dresselhaus (∆ek+, ∆hk− and ∆z) [7] and Rashba
(iξek−) [43] spin-orbit coupling. The values of parame-
ters used in the simulations are collected in Table I [44].
As will be shown below, the main differences between
both materials are in the particle-hole symmetry term D
and the intersubband coupling A.
The Hamiltonian 1 has been discretized on a square
lattice with lattice constant a = 2.5nm. The area under
TABLE I. Parameters of the tight-binding Hamiltonian 1 for
7 nm thick HgTe/(Hg,Cd)Te quantum well and 10 nm/10 nm
thick InAs/GaSb heterostructure from Ref. 44.
Parameter HgTe QW InAs/GaSb heterostructure
A [eV A˚] 3.65 0.37
B [ eV A˚2] -68.6 -66.0
D [ eV A˚2] -51.1 -5.8
M [ eV] -0.01 -0.0078
∆z [ eV] 0.0016 0.0002
∆e [ eV A˚] -0.128 0.00066
∆h [ eV A˚] 0.211 0.0006
ξe [ eV A˚] 0.0 -0.07
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FIG. 1. (Color online) Dependence of the bulk and edge state
band gaps on the bar width for (a) HgTe QW (b) InAs/GaSb
heterostructure.
study has width W = 400nm and length L = 1000nm.
To this rectangular area we attach semi-infinite ballis-
tic leads made of the same material. For simulations of
a QPC in the middle of this area we place a constric-
tion that has a shape of two identical Gaussian functions
f(x) = F exp(−(x − L/2)2/2σ2) placed on the oppo-
site edges of the sample [see the wavefunction map in
Fig. 3(a)]. In all further considerations we define the
width of the constriction as the distance between the
FIG. 2. (Color online) Regions in the parameter space of the
BHZ model for which edge state oscillations occur in the case
of InAs/GaSb (blue) and HgTe (orange) for E=0 and varying
(a) A and B parameters, (b) A and D parameters. The points
show the parameters used in the simulations.
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FIG. 3. (Color online) (a) Wavefunction of spin up electrons entering the sample from the left lead (upper: HgTe QW, lower:
InAs/GaSb heterostructure). (b) Local density of states near the edge of HgTe QW and InAs/GaSb heterostructure bars with
corresponding fitted curves. HgTe density of states follows simple exponential decay, while InAs/GaSb heterostructures show
oscillatory decay. (c) Decay length of the edge states across the bulk band gap. Values are obtained through fitting to the
density of states and are constant for InAs/GaSb and monotonically growing for HgTe. (d) Frequency of the density of states
oscillations across the band gap.
maxima of the Gaussian functions, that isW−2F and the
length of the constriction is defined as σ. All the numer-
ical calculations have been performed using the Kwant
simulation toolbox [45]. In all conductance calculations
we determine the scattering matrix (and subsequently
the transmission matrix t) and then employ Landauer-
Bu¨ttiker formula, G = e2/hTr t†t. In some of the cal-
culations, spin-independent disorder is added in a form
of a potential U(r) that enters the Hamiltonian in the
same way asM parameter, modifying the onsite energies.
The disorder energy values are uncorrelated between the
sites and taken from a random distribution in the range
[−V/2, V/2] with V being the disorder strength. The
simulations with disorder are averaged over a number of
independent disorder realizations, typically of the order
of 50.
III. RESULTS
For the parameters from Table I, we calculate the band
structures of 1D ribbons with various widths. Due to a
finite width of the constriction, in addition to the bulk
band gap there is a gap for the edge states, which arises
due to coupling of states from the opposite sides of the
sample [46]. In both studied materials the bulk band gap
monotonically decreases (Fig. 1) and for W = 400nm as-
sumes the value of 20.8meV and 6.8meV for HgTe QW
and InAs/GaSb heterostructures, respectively. However,
the behavior of the gap for edge states is different in the
two materials. The edge gap in HgTe QW decays ap-
proximately exponentially to zero, while in InAs/GaSb
heterostructures the magnitude of the gap oscillates, for
some widths dropping to zero and increasing again back
to the value of several meV. This difference in the width
dependence of the gap value coincides with a disparate
decay character of the edge states in both materials. For
energies inside the bulk band gap the local density of
states (LDOS) near the edge is shown in Fig. 3(b). While
the edge states of HgTe quantum wells follow a simple ex-
ponential decay, the decay of LDOS in InAs/GaSb het-
erostructures shows an oscillatory pattern. This can be
understood by considering the analytic solution for the
edge states in the BHZ model without additional Dressel-
haus and Rashba terms [46]. The decay constant for the
simplified model becomes complex for parameters that
satisfy the inequality,
A4 − 4A2(DE +BM) + 4(BE +DM)2
4 (B2 −D2)2
< 0 (4)
where E is the energy eigenvalue for which the Hamilto-
nian is solved. Examples of regions in parameter space for
which the oscillations occur are presented in Fig. 2. The
colored areas are obtained by varying A and B [Fig. 2(a)],
and A and D [Fig. 2(b)], and holding the remaining pa-
rameters constant at appropriate values for both materi-
als. The points inserted in the figures show the parameter
values used for the simulations. The set of parameters
corresponding to HgTe QWs lies well outside the region
of oscillations for HgTe, while the point corresponding
to InAs/GaSb resides in the middle of the blue region of
oscillations for this material.
When the Dresslehaus and Rashba terms are intro-
duced into the Hamiltonian, the oscillations can be ob-
tained in the case of HgTe QW, as noted previously [47].
However, this effect is of a negligible magnitude and re-
quires a substantial increase in the strength of the Dres-
selhaus term to be observable for sample widths smaller
than 200nm and to have an amplitude above 1meV
[48, 49]. On the other hand, in the case of InAs/GaSb
even without the spin-orbit terms in the Hamiltonian the
oscillation is present and comparable to the result pre-
sented in Fig. 1(b). There is no parameter fine-tuning
required as the region determined from inequality 4 is
sufficiently broad. For example, the effect is also present
when the calculations are performed using the values for
10 nm/9nm thick InAs/GaSb heterostructure [44]. Fur-
thermore, the magnitude of the effect is sufficiently large
to have a direct impact on the transport properties of the
quantum point contacts, which is a feature that has not
4been considered previously.
As the HgTe QW has structural inversion symmetry,
the ξe term vanishes in the absence of an external electric
field. Even though such a field is present when external
gate is used to shift the Fermi level, because the influ-
ence of the Rashba term is even smaller than that of the
Dresselhaus contribution [48], the behavior of the edge
states does not change drastically for eEz up to 10
7 eV/m.
Therefore in subsequent calculations the impact of per-
pendicular electric field on spin-orbit coupling terms is
neglected.
To determine the decay parameters in the case of the
model with Rashba and Dresselhaus spin-orbit coupling,
we fit curves to LDOS calculated for various energies in-
side the band gap. In the case of HgTe the fitting func-
tion is P exp(−x/l0) and for InAs/GaSb it has a form
P exp(−x/l0) sin
2(fx + c), where l0 is the decay length
of the edge states and f is the frequency of LDOS os-
cillations. The obtained decay lengths for all energies
inside the band gaps are shown in Fig. 3(c). The decay
length of the edge states in HgTe QW grows monotoni-
cally across the band gap and increases sixfold from the
top of the bulk valence band to the bottom of the bulk
conduction band. On the other hand, the decay length of
edge states in InAs/GaSb heterostructures remains ap-
proximately constant across the band gap. This differ-
ence is due to large particle-hole asymmetry term used
to parametrize the HgTe quantum well - for a reduced
value of the parameter D the decay length changes only
by a few nanometers in HgTe QW, too. The difference
between the decay character of the edge states is impor-
tant for the properties of conductance in quantum point
contacts and again it is a consequence of coupling of elec-
tron and hole bands. Another value retrieved from the
fitting procedure in the case of heterostructures is the fre-
quency of LDOS oscillations, whose dependence on the
position of the Fermi level inside the band gap is shown
in Fig. 3(d). This frequency is close to zero in the vicin-
ity of the conduction band edge, and in the middle of the
gap it reaches its maximum value, which is twice as high
as the value attained close to the valence band.
In Fig. 4 we present the results of quantum trans-
port simulations for quantum point contacts of variable
length and width for both HgTe QW and InAs/GaSb
heterostructure. For both materials the Fermi level is
placed close to the Dirac point at 7meV and 0.6meV,
respectively. For HgTe QW (Fig. 4a) we see a smooth
transition between transmitting and reflecting quantum
point contact. The constriction width, for which the
QPC closes, increases with the constriction length. As
we study coherent transport, closing of the QPC is only
due to mixing of the edge states from the opposite edges
of the sample. Those new hybridized states are gapped
and non-helical and in their case backscattering is al-
lowed. As the edge states decay exponentially in HgTe
QW, the closer the opposite edges are, the greater the
probability of edge state mixing and thus interedge scat-
tering. This probability increases also with the length of
the constriction, because the region in which both sides of
the sample are close to each other is larger. On the other
hand, in the InAs/GaSb heterostructures the edge states
decay with an oscillatory pattern and so for some edge
separations the overlap of wavefunctions is minimized.
This is illustrated in Fig. 4(b), where conductance de-
creases and increases in the oscillatory pattern that has
the same frequency as the oscillations of the density of
states.
In Fig. 5 the conductance maps for varying Fermi en-
ergies and constrictions widths are shown. For HgTe QW
[Fig. 5(a)] we observe two regions inside the band gap:
the one closer to the valence band, in which QPC per-
fectly transmits electrons for large range of constrictions
widths and the region closer to the conduction band,
where backscattering and thus reflection of electrons oc-
curs even for large edge separations. This is consistent
with the result presented in Fig. 3(c): for Fermi ener-
gies closer to the conduction band the edge states pene-
trate deeper into the sample and so have a higher chance
to scatter to the states at the opposite edge for the
same constriction width. In the case of InAs/GaSb het-
erostructure [Fig. 5(b)] again the oscillatory decay of the
edge states impacts the conductance. There are rings of
perfect conductance visible in the map and their separa-
tion coincides with the separation of nodes of the density
of states. As the frequency of LDOS oscillations changes
throughout the band gap [Fig. 3(d)], the separation of
the rings changes, too. This also confirms the connection
between the decay character and QPC conductance.
One should note that the simulation results presented
above do not include effects of electron-electron inter-
actions. In quantum point contacts the increased over-
lap of edge channels can lead not only to the enhanced
backscattering but also to the Coulomb blockade [50].
This can obscure the features observed in our simula-
tions by significantly reducing the conductance of the
QPC. However, for the InAs/GaSb devices the overlap
in the constriction oscillates as a function of the width
and so the strength of the Coulomb blockade effect will
be dependent on the edge separation. This in turn means
that the reduction of conductance will be greater for the
conductance minima than for the maxima and, thus, the
relative amplitude of the oscillations will be larger. Also,
the calculations [50] show that the impact of the Coulomb
blockade can be minimized by an appropriate interplay
of bias and side gate voltages.
Experimentally, the Fermi energy can be shifted us-
ing a top gate, and this feature can be employed in de-
vices as an edge state current switch [34]. In Fig. 6 we
show dependence of the QPC conductance on the posi-
tion of the Fermi level for HgTe QW [6(a), constriction
width 55 nm and length 168 nm] and for InAs/GaSb het-
erostructure [6(b), constriction width 65 nm and length
212nm], both for a clean and disordered systems. While
for the clean systems it is possible to obtain less than
1% of perfect 2e2/h conductance in the ”off” state of the
quantum point contact and 2e2/h with accuracy of 10−5
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FIG. 4. (Color online) Conductance of the Gaussian-shaped quantum point contact in (a) HgTe quantum well, (b) InAs/GaSb
heterostructure for varying dimensions of the constriction and material parameters from Table I. The Fermi levels in both
materials are placed close to the Dirac point at 7meV and 0.6meV, respectively.
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FIG. 5. (Color online) Conductance of the Gaussian-shaped quantum point contact in (a) HgTe quantum well, (b) InAs/GaSb
heterostructure for varying Fermi energies and constriction widths and material parameters from Table I. In both contacts the
length of the constriction is set to 168 nm.
in the ”on” state in both cases, we observe that both
systems display different behavior in the presence of dis-
order (strengths V = 125meV for HgTe and V = 30meV
for InAs/GaSb). In HgTe QWs, the conductance of the
edge states retains a value close to the perfect one for
disorder strength that breaks down the conduction of the
bulk modes in the valence band, and the QPC can still
function as a current switch. However, the edge current
in the InAs/GaSb case is much less protected, and even
for smaller disorder strength the conductance decreases
significantly below 2e2/h. However, the oscillations in
conductance are still visible and therefore they can still
be experimentally detected.
IV. CONCLUSION
In summary, we have shown how the strength of in-
tersubband coupling in 2D topological insulators im-
pacts the behavior of the edge states in samples of fi-
nite width, and in consequence the conductance in such
systems. In HgTe/(Hg,Cd)Te quantum wells, a system
with strong electron-hole coupling, the edge states fol-
low a simple exponential decay, while in InAs/GaSb het-
erostructures, where the coupling is much weaker, the
edge states develop an oscillatory decay pattern. This
is closely followed by the dependence on the constric-
tion width and the Fermi energy of conductance in quan-
tum point contacts, where the mixing of the edge states
from the opposite edges of the sample is emphasized.
QPCs in HgTe/(Hg,Cd)Te quantum wells display a single
transition between the transmitting and reflecting state,
whereas in InAs/GaSb the state of the contact switches
periodically. We have also shown that this difference be-
tween the two classes of 2D topological insulators may
be observed in the presence of disorder. The oscillatory
behavior of conductance of quantum point contact made
out of the InAs/GaSb heterostructure tuned into a topo-
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FIG. 6. (Color online) Conductance of the quantum point contact for: (a) HgTe QW (constriction width 55 nm and length
168 nm), (b) InAs/GaSb heterostructure (constriction width 65 nm and length 212 nm) for clean and disordered systems (aver-
aged over 50 disorder realizations).
logically nontrivial regime could be thus considered a fin-
gerprint of presence of helical edge states.
ACKNOWLEDGMENTS
This work was supported by the Polish Ministry of Sci-
ence and Higher Education ”Diamentowy Grant” Project
No. DI2013 016243 and in part by the National Center of
Science in Poland (Decision No. 2011/02/A/ST3/00125).
[1] M. Z. Hasan and C. L. Kane, “Colloquium: Topological
insulators,” Rev. Mod. Phys. 82, 3045–3067 (2010).
[2] Xiao-Liang Qi and Shou-Cheng Zhang, “Topo-
logical insulators and superconductors,”
Rev. Mod. Phys. 83, 1057–1110 (2011).
[3] G. Dolcetto, M. Sassetti, and T. L. Schmidt, “Edge
physics in two-dimensional topological insulators,” Riv-
ista del Nuovo Cimento 39, 113–154 (2016).
[4] B. A. Bernevig, T. L. Hughes, and Shou-Cheng
Zhang, “Quantum Spin Hall Effect and Topolog-
ical Phase Transition in HgTe Quantum Wells,”
Science 314, 1757–1761 (2006).
[5] M. Ko¨nig, S. Wiedmann, C. Bru¨ne, A. Roth, H. Buh-
mann, L. W. Molenkamp, Xiao-Liang Qi, and Shou-
Cheng Zhang, “Quantum Spin Hall Insulator State in
HgTe Quantum Wells,” Science 318, 766–770 (2007).
[6] A. Roth, C. Bru¨ne, H. Buhmann, L. W. Molenkamp,
J. Maciejko, Xiao-Liang Qi, and Shou-Cheng Zhang,
“Nonlocal Transport in the Quantum Spin Hall State,”
Science 325, 294–297 (2009).
[7] Chaoxing Liu, T. L. Hughes, Xiao-Liang Qi, Kang
Wang, and Shou-Cheng Zhang, “Quantum Spin
Hall Effect in Inverted Type-II Semiconductors,”
Phys. Rev. Lett. 100, 236601 (2008).
[8] I. Knez, Rui-Rui Du, and G. Sullivan, “Evidence for
Helical Edge Modes in Inverted InAs/GaSb Quantum
Wells,” Phys. Rev. Lett. 107, 136603 (2011).
[9] Lingjie Du, I. Knez, G. Sullivan, and Rui-Rui Du, “Ro-
bust Helical Edge Transport in Gated InAs/GaSb Bilay-
ers,” Phys. Rev. Lett. 114, 096802 (2015).
[10] Tingxin Li, Pengjie Wang, Hailong Fu, Lingjie Du,
K. A. Schreiber, Xiaoyang Mu, Xiaoxue Liu, G. Sullivan,
Ga´bor A. Csa´thy, Xi Lin, and Rui-Rui Du, “Observation
of a Helical Luttinger Liquid in InAs/GaSb Quantum
Spin Hall Edges,” Phys. Rev. Lett. 115, 136804 (2015).
[11] F. Schopfer and W. Poirier, “Quantum resistance stan-
dard accuracy close to the zero-dissipation state,”
Journal of Applied Physics 114, 064508 (2013).
[12] Cui-Zu Chang, Jinsong Zhang, Xiao Feng, Jie Shen,
Zuocheng Zhang, Minghua Guo, Kang Li, Yunbo Ou,
Pang Wei, Li-Li Wang, Zhong-Qing Ji, Yang Feng, Shuai-
hua Ji, Xi Chen, Jinfeng Jia, Xi Dai, Zhong Fang,
Shou-Cheng Zhang, Ke He, Yayu Wang, Li Lu, Xu-Cun
Ma, and Qi-Kun Xue, “Experimental Observation of the
Quantum Anomalous Hall Effect in a Magnetic Topolog-
ical Insulator,” Science 340, 167–170 (2013).
[13] G. M. Gusev, E. B. Olshanetsky, Z. D. Kvon,
A. D. Levin, N. N. Mikhailov, and S. A. Dvoret-
sky, “Nonlocal Transport Near Charge Neutrality
Point in a Two-Dimensional Electron-Hole System,”
Phys. Rev. Lett. 108, 226804 (2012).
[14] G. Grabecki, J. Wro´bel, M. Czapkiewicz,  L. Cywin´ski,
S. Giera ltowska, E. Guziewicz, M. Zholudev,
V. Gavrilenko, N. N. Mikhailov, S. A. Dvoretski,
F. Teppe, W. Knap, and T. Dietl, “Nonlocal re-
sistance and its fluctuations in microstructures of
band-inverted HgTe/(Hg,Cd)Te quantum wells,”
Phys. Rev. B 88, 165309 (2013).
[15] E. B. Olshanetsky, Z. D. Kvon, G. M. Gusev, A. D.
Levin, O. E. Raichev, N.N. Mikhailov, and S. A.
Dvoretsky, “Persistence of a Two-Dimensional Topolog-
ical Insulator State in Wide HgTe Quantum Wells,”
Phys. Rev. Lett. 114, 126802 (2015).
[16] Eric Yue Ma, M. Reyes Calvo, Jing Wang, Biao
Lian, Mathias Mu¨hlbauer, Christoph Bru¨ne, Yong-Tao
Cui, Keji Lai, Worasom Kundhikanjana, Yongliang
7Yang, Matthias Baenninger, Markus Ko¨nig, Christo-
pher Ames, Hartmut Buhmann, Philipp Leubner,
Laurens W. Molenkamp, Shou-Cheng Zhang, David
Goldhaber-Gordon, Michael A. Kelly, and Zhi-Xun
Shen, “Unexpected edge conduction in mercury telluride
quantum wells under broken time-reversal symmetry,”
Nature Communications 6, 7252 (2015).
[17] Fabrizio Nichele, Henri J. Suominen, Morten Kjaergaard,
Charles M. Marcus, Ebrahim Sajadi, Joshua A. Folk,
Fanming Qu, Arjan J.A. Beukman, Folkert K. de Vries,
Jasper van Veen, Stevan Nadj-Perge, Leo P. Kouwen-
hoven, and Andrey A. Kiselev Binh-Minh Nguyen, Wei
Yi, Marko Sokolich, Michael J. Manfra, Eric M. Spanton,
and Kathryn A. Moler, “Edge transport in the trivial
phase of InAs/GaSb,” arXiv:1511.01728 (2015).
[18] C. L. Kane and E. J. Mele, “Z2 Topologi-
cal Order and the Quantum Spin Hall Effect,”
Phys. Rev. Lett. 95, 146802 (2005).
[19] Cenke Xu and J. E. Moore, “Stability of the quantum
spin Hall effect: Effects of interactions, disorder, and Z2
topology,” Phys. Rev. B 73, 045322 (2006).
[20] Congjun Wu, B. A. Bernevig, and Shou-Cheng Zhang,
“Helical Liquid and the Edge of Quantum Spin Hall Sys-
tems,” Phys. Rev. Lett. 96, 106401 (2006).
[21] T. L. Schmidt, S. Rachel, F. von Oppen, and
L. I. Glazman, “Inelastic Electron Backscat-
tering in a Generic Helical Edge Channel,”
Phys. Rev. Lett. 108, 156402 (2012).
[22] J. C. Budich, F. Dolcini, P. Recher, and B. Trauzettel,
“Phonon-Induced Backscattering in Helical Edge
States,” Phys. Rev. Lett. 108, 086602 (2012).
[23] J. Maciejko, Chaoxing Liu, Y. Oreg, Xiao-Liang Qi, Con-
gjun Wu, and Shou-Cheng Zhang, “Kondo Effect in the
Helical Edge Liquid of the Quantum Spin Hall State,”
Phys. Rev. Lett. 102, 256803 (2009).
[24] Y. Tanaka, A. Furusaki, and K. A. Matveev, “Conduc-
tance of a Helical Edge Liquid Coupled to a Magnetic
Impurity,” Phys. Rev. Lett. 106, 236402 (2011).
[25] A. M. Lunde and G. Platero, “Helical edge states cou-
pled to a spin bath: Current-induced magnetization,”
Phys. Rev. B 86, 035112 (2012).
[26] A. Girschik, F. Libisch, and S. Rotter, “Topological in-
sulator in the presence of spatially correlated disorder,”
Phys. Rev. B 88, 014201 (2013).
[27] J. I. Va¨yrynen, M. Goldstein, and L. I. Glazman, “He-
lical Edge Resistance Introduced by Charge Puddles,”
Phys. Rev. Lett. 110, 216402 (2013).
[28] J. I. Va¨yrynen, M. Goldstein, Y. Gefen, and
L. I. Glazman, “Resistance of helical edges
formed in a semiconductor heterostructure,”
Phys. Rev. B 90, 115309 (2014).
[29] S. Essert and K. Richter, “Magnetotransport in disor-
dered two-dimensional topological insulators: signatures
of charge puddles,” 2D Materials 2, 024005 (2015).
[30] S. Essert, V. Krueckl, and K. Richter, “Two-dimensional
topological insulator edge state backscattering by de-
phasing,” Phys. Rev. B 92, 205306 (2015).
[31] B. J. van Wees, H. van Houten, C. W. J. Beenakker,
J. G. Williamson, L. P. Kouwenhoven, D. van der
Marel, and C. T. Foxon, “Quantized conductance
of point contacts in a two-dimensional electron gas,”
Phys. Rev. Lett. 60, 848–850 (1988).
[32] B. J. van Wees, L. P. Kouwenhoven, E. M. M.
Willems, C. J. P. M. Harmans, J. E. Mooij, H. van
Houten, C. W. J. Beenakker, J. G. Williamson, and
C. T. Foxon, “Quantum ballistic and adiabatic elec-
tron transport studied with quantum point contacts,”
Phys. Rev. B 43, 12431–12453 (1991).
[33] G. Grabecki, J. Wro´bel, T. Dietl, E. Papis, E Kamin´ska,
A. Piotrowska, G. Springholz, and G. Bauer, “Spin align-
ment of electrons in PbTe/(Pb,Eu)Te nanostructures,”
Physica E 13, 649 – 652 (2002).
[34] V. Krueckl and K. Richter, “Switching Spin and Charge
between Edge States in Topological Insulator Constric-
tions,” Phys. Rev. Lett. 107, 086803 (2011).
[35] L. B. Zhang, F. Cheng, F. Zhai, and Kai Chang,
“Electrical switching of the edge channel transport in
HgTe quantum wells with an inverted band structure,”
Phys. Rev. B 83, 081402 (2011).
[36] Hua-Hua Fu, Dan-Dan Wu, and Lei Gu, “Per-
fect electrical switching of edge channel transport
in HgTe quantum wells controlled by gate voltage,”
Journal of Applied Physics 116, 064511 (2014).
[37] F. Dolcini, “Full electrical control of charge and spin con-
ductance through interferometry of edge states in topo-
logical insulators,” Phys. Rev. B 83, 165304 (2011).
[38] F. Romeo, R. Citro, D. Ferraro, and M. Sassetti,
“Electrical switching and interferometry of massive
Dirac particles in topological insulator constrictions,”
Phys. Rev. B 86, 165418 (2012).
[39] C. P. Orth, G. Strubi, and T. L. Schmidt, “Point
contacts and localization in generic helical liquids,”
Phys. Rev. B 88, 165315 (2013).
[40] D. Ferraro, C. Wahl, J. Rech, T. Jonckheere,
and T. Martin, “Electronic Hong-Ou-Mandel inter-
ferometry in two-dimensional topological insulators,”
Phys. Rev. B 89, 075407 (2014).
[41] T. Dietl and H. Ohno, “Dilute ferromagnetic semi-
conductors: Physics and spintronic structures,”
Rev. Mod. Phys. 86, 187 (2014).
[42] Qin Liu, Chao-Xing Liu, Cenke Xu, Xiao-Liang
Qi, and Shou-Cheng Zhang, “Magnetic impuri-
ties on the surface of a topological insulator,”
Phys. Rev. Lett. 102, 156603 (2009).
[43] D. G. Rothe, R. W. Reinthaler, C.-X. Liu, L. W.
Molenkamp, S.-C. Zhang, and E. M. Hankiewicz, “Fin-
gerprint of different spinorbit terms for spin transport in
HgTe quantum wells,” New J. Phys. 12, 065012 (2010).
[44] M. Franz and L. W. Molenkamp, eds., Topological Insu-
lators, Volume 6, 1st ed. (Elsevier, Amsterdam; Boston;
Heidelberg; London, 2013).
[45] C. W. Groth, M. Wimmer, A. R. Akhmerov, and
X. Waintal, “Kwant: a software package for quantum
transport,” New J. Phys. 16, 063065 (2014).
[46] Bin Zhou, Hai-Zhou Lu, Rui-Lin Chu, Shun-Qing
Shen, and Qian Niu, “Finite Size Effects on He-
lical Edge States in a Quantum Spin-Hall System,”
Phys. Rev. Lett. 101, 246807 (2008).
[47] Y. Takagaki, “Backscattering from width variations in
quasi-one-dimensional strips of topological insulators,”
J. Phys.: Condens. Matter 24, 435301 (2012).
[48] Cheng Zhi and Zhou Bin, “Finite size effects on helical
edge states in HgTe quantum wells with the spin-orbit
coupling due to bulk- and structure-inversion asymme-
tries,” Chinese Phys. B 23, 037304 (2014).
[49] Y. Takagaki, “Cancelation of confinement effect by spin-
orbit coupling in narrow strips of two-dimensional topo-
logical insulators,” Phys. Rev. B 90, 165305 (2014).
8[50] F. Romeo and R. Citro, “Interaction effects in nonequilib-
rium transport properties of a four-terminal topological
corner junction,” Phys. Rev. B 90, 155408 (2014).
